We consider the problem of determining an inclusion D made of di erent elastic material in an elastic isotropic body from boundary measurements of traction and displacement. We prove that the volume of D can be estimated, from above and below, by an easily expressed quantity related to work, only depending on the boundary traction and displacement.
Introduction
In this paper we address the following problem of nondestructive testing:
To determine, in an elastic body , the possible presence of an inclusion D made of a di erent elastic material either harder or softer from measurements of traction and displacement taken at the exterior boundary of . In mathematical terms, i f u denotes the displacement eld in , one wishes to recover D in the system of linearized elasticity div nD C + D e C ru = 0 in ; 1.1 by the knowledge of one pair of Cauchy data on @ C ru = ' on @ ; 1.3
Here C and e C denote the elasticity tensor elds in nD and in D, respectively, is the unit exterior normal to @ and E denotes the characteristic function of E.
This appears as an extremely di cult inverse problem. A similarly stated problem in the eld of electrical impedance tomography for which the direct problem involves a single scalar elliptic partial di erential equation, rather than a system has received great attention in recent y ears see, for instance, Friedman Fr87 , Friedman and Gustafsson FrG87 , Friedman and Isakov FrI89 , Alessandrini, Rosset and Seo ARS00 and also Alessandrini and Isakov AI96 , Alessandrini Al99 for an extended reference list, but still many fundamental questions remain unanswered. See also for previous results on this problem Ikehata I98 . Here, following the line of a research initiated in Alessandrini and Rosset AR98 , Kang, Seo and Sheen KSS97 , Alessandrini, Rosset and Seo ARS00 in the electrostatic setting, we pose ourselves a relatively modest, but realistic goal:
Can we estimate the size the volume of the unknown inclusion D from one set of boundary measurements of traction and displacement?
In the present paper we restrict our attention to the Lam e system of linearized elasticity, corresponding to system 1.1 when the material is isotropic.
In order to illustrate our main results it is convenient to consider the solution u 0 to the Neumann problem 1.1-1.2 when D is replaced by the empty set.
Theorem 2.4 below states that if, for a given h 1 0, the following "fatness-condition" is satis ed j f x 2 D j distx; @D h 1 g j 1 2 jDj See Remark 2.6 for a discussion of the "fatness-condition" 1.4.
In Theorem 2.5 we treat the case when no a priori assumption is made on D. We In this paper we apply some of the estimates of unique continuation found in AM01 three spheres inequalities AM01 , 5.2 and strong unique continuation AM01 , 5.5 and we further elaborate on this topic. The main result in this direction here are new doubling inequalities for the reference solution u 0 see Theorem 3.9 and for its symmetrized gradient b ru 0 see Corollary 3.10. Such an inequality allows to prove for j b ru 0 j 2 the property of being a Muckenhoupt weight Coifman and Fe erman CF74 , Garcia Cuerva and Rubio de Francia GCRDF85 . This is a property of homogeneity in the average at all scales which w as rst proved for solutions of scalar elliptic equations by Garofalo and Lin GL86 .
The plan of the paper is as follows. In Section 2 we introduce some notation and state our main results Theorem 2.4 and Theorem 2.5.
Section 3 is devoted to the derivation of quantitative estimates of unique continuation for solutions to the Lam e system, following ideas introduced in Alessandrini and Morassi AM01 .
In Section 4 we rst derive a n i n terior average lower bound on j b Finally, Section 5 contains the proofs of the main theorems.
Main results
Let us introduce some notation which will be useful in the sequel. We restrict our attention to the dimensions n = 2 ; 3 which are those physically relevant for elasticity. Given a bounded domain R n , n = 2 ; 3, for any h 0 w e shall denote h = fx 2 j distx; @ h g:
When representing locally a boundary as a graph, it will be convenient to use the following notation. For every x 2 R n we shall set x = x 0 ; x n , where x 0 2 R n,1 , x n 2 R. De nition 2.1. Given a bounded domain R n , we shall say that @ is We shall assume throughout that the elasticity tensor eld C = C x of the materials under consideration have components C ijkl which satisfy the following conditions C ijkl 2 L 1 ; R; 8i; j; k; l = 1 ; :::; n; 2.5 C ijkl = C klij = C klji ; 8i; j; k; l = 1 ; :::; n; a:e: in : 2.6
We recall that the symmetry conditions 2.6 are equivalent to: It is well known that if C is strongly convex then it is also strongly elliptic. When the elastic material is isotropic, then the elasticity tensor C takes the following form C ijkl x = x ij kl + x ki lj + li kj ;
2.18 where = x and = x 2 L 1 ; R are the Lam e moduli. Hence, in this case, denoting by I n the n n identity matrix, we have Regarding existence, we recall that, provided the compatibility condition 2.24 is satis ed, a solution of the traction problem exists as long as the involved elasticity tensor either satis es the strong convexity condition or it is continuous and satis es the strong ellipticity condition, see for instance Valent V88 , xIII.
With respect to uniqueness we recall that it is well-known that solutions u, u 0 to the above problems are uniquely determined up to an in nitesimal rigid displacement. In order to uniquely identify such solutions, we shall assume from now on that both u and u 0 satisfy the following normalization conditions We set g, g 0 2 H 1=2 @ ; R n be the traces of u, u 0 , respectively, on @ . Now we are in position to state our main result on the size estimates for the inclusion.
We shall use the following assumptions on the elasticity tensors C , e C : i C satis es the isotropy condition 2.18 and the strong convexity 2.21;
ii bounds on the jump and uniform strong convexity for e C either there exist 0 and 1 such that C e C , C , 1C a:e: in ; 3.3 where C 0 only depends on 0 and 0 . Proof. The proof is essentially contained in AM01 , Theorem 2.1. Here the statement is slightly modi ed in order to encompass the scaling invariance of the norms introduced in the present paper.
Three spheres inequalities and doubling inequalities for solutions u to systems of the form 3.2, under the assumption 3.3, were derived in AM01 , Theorem 3.1 and Theorem 4.1. Next, one can obtain analogous estimates for solutions u to the Lam e system 2.20, via the reduction described in 3.4
where C 0 only depends on 0 ; 0 ; M ; r 1 r 3 and r 2 r 3 . Proof. The proof can be found in AM01 . We notice that here, in view of our scaling on the norms see Remark 2.2, the constant C does not explicitly depend on R.
In 
Estimates in terms of the boundary data
In this Section we shall consider the traction problem 2.27, 2.28 for a given ' 2 L 2 @ ; R n satisfying 2.24. For simplicity o f notation we shall denote by u the solution instead of u 0 . The normalization 2.29 is understood throughout.
Regarding the elasticity tensor C we assume the isotropy condition 2.18, the strong ellipticity 2.22 and the C 1;1 regularity 2.32. We adapt arguments from ARS00 , Theorem 2.2. We start with the following auxiliary Lemma. 
